Abstract. We obtain lower bounds for Selmer ranks of elliptic curves over dihedral extensions of number fields.
Introduction
Let K/k be a quadratic extension of number fields, let c be the nontrivial automorphism of K/k, and let E be an elliptic curve defined over k. Let F/K be an abelian extension such that F is Galois over k with dihedral Galois group (i.e., a lift of the involution c operates by conjugation on Gal (F/K) as inversion x → x −1 ), and let χ be a character of Gal (F/K) .
Even in cases where one cannot prove that the L-function L(E/K, χ; s) has an analytic continuation and functional equation, one still has a conjectural functional equation with a sign ǫ(E/K, χ) := v ǫ(E/K v , χ v ) = ±1 expressed as a product over places v of K of local ǫ-factors. If ǫ(E/K, χ) = −1, then a generalized Parity Conjecture predicts that the rank of the χ-part E (F ) χ of the Gal(F/K)-representation space E(F ) ⊗ Q is odd, and hence positive. If [F : K] is odd and F/K is unramified at all primes where E has bad reduction, then ǫ(E/K, χ) is independent of χ, and so the Parity Conjecture predicts that if the rank of E (K) is odd then the rank of E(F ) is at least [F : K] .
Motivated by the analytic theory of the preceding paragraph, in this paper we prove unconditional parity statements, not for the Mordell-Weil groups E (F ) χ but instead for the corresponding pro-p Selmer groups S p (E/ F ) χ . (The ShafarevichTate conjecture implies that E (F ) χ and S p (E/F ) χ have the same rank). More specifically, given the data (E, K/k, χ), we define (by cohomological methods) local invariants δ v ∈ Z/2Z for the finite places v of K, depending only on E/K v and χ v . The δ v should be the (additive) counterparts of the ratios ǫ(E/K v , χ v )/ǫ(E/K v , 1) of the local ǫ-factors. The δ v vanish for almost all v, and if Z p [χ] is the extension of Z p generated by the values of χ, we prove (see Theorem 7.4):
Theorem A. If the order of χ is a power of an odd prime p, then
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Despite the fact that the analytic theory, which is our guide, predicts the values of the local terms δ v , Theorem A would be of limited use if we could not actually compute the δ v 's. We compute the δ v 's in substantial generality in §5. This leads to our main result (Theorem 8.1), which we illustrate here with a weaker version.
Theorem B. Suppose that p is an odd prime, [F : K] is a power of p, F/K is unramified at all primes where E has bad reduction, and all primes above p split in K/k. If rank Zp S p (E/K) is odd, then rank Zp[χ] S p (E /F ) χ is odd for every character χ of G, and in particular rank Zp 
If K is an imaginary quadratic field and F/K is unramified outside of p, then Theorem B is a consequence of work of Cornut and Vatsal [Co, V] . In those cases the bulk of the Selmer module comes from Heegner points.
Nekováȓ ([N2] Theorem 10.7.17) proved Theorem B in the case where F is contained in a Z p -power extension of K, under the assumption that E has ordinary reduction at all primes above p. We gave in [MR3] an exposition of a weaker version of Nekováȓ's theorem, as a direct application of a functional equation that arose in [MR2] (which also depends heavily on Nekováȓ's theory in [N2] ).
The proofs of Theorems A and B proceed by methods that are very different from those of Cornut, Vatsal, and Nekováȓ, and are comparatively short. We emphasize that our results apply whether E has ordinary or supersingular reduction at p, and they apply even when F/K is not contained in a Z p -power extension of K (but we always assume that F/k is dihedral).
This extra generality is of particular interest in connection with the search for new Euler systems, beyond the known examples of Heegner points. Let
be the maximal "generalized dihedral" p-extension of K (i.e., the maximal abelian pextension of K, Galois over k, such that c acts on Gal(K − /K) as −1). A "dihedral" Euler system c for (E, K/k, p) would consist of Selmer classes c F ∈ S p (E/F ) for every finite extension F of K in K − , with certain compatibility relations between c F and c F ′ when F ⊂ F ′ (see for example [R] §2.1). A necessary condition for the existence of a nontrivial Euler system is that the Selmer modules S p (E/F ) are large, as in the conclusion of Theorem B. It is natural to ask whether, in these large Selmer modules S p (E/F ), one can find elements c F that form an Euler system.
Outline of the proofs. Suppose for simplicity that E(K) has no p-torsion.
The group ring Q[Gal (F/K) ] splits into a sum of irreducible rational representations Q[Gal(F/K)] = ⊕ L ρ L , summing over all cyclic extensions L of K in F , where ρ L (over C) is the sum of all characters χ whose kernel is Gal(F/L). Corresponding to this decomposition there is a decomposition (up to isogeny) of the restriction of scalars Res
The key step in our proof is the second congruence of (1). We will see (Proposition 4.4) that E[p] ∼ = A L [p] as G K -modules, and therefore the Selmer groups Sel p (E/K) and Sel p (A L /K) are both contained in H 1 (K, E[p] ). By comparing these two subspaces we prove (see Theorem 1.4 and Corollary 4.8) that
summing the local invariants δ v over primes v of K. We show how to compute the δ v in §5.
The first congruence of (1) follows easily from the Cassels pairing for E (see Proposition 2.1). The final congruence of (1) is more subtle, because A L will not in general have a polarization of degree prime to p, and we deal with this in Appendix A (using the dihedral nature of L/k).
In §8 we bring together the results of the previous sections to prove Theorem 8.1, and in §9 we discuss some special cases.
Generalizations. All the results and proofs in this paper hold with E replaced by an abelian variety with a polarization of degree prime to p.
If F/K is not a p-extension, then the proof described above breaks down. Namely, if χ is a character whose order is not a prime power, then χ is not congruent to the trivial character modulo any prime ofQ. However, by writing χ as a product of characters of prime-power order, we can apply the methods of this paper inductively. To do this we must use a different prime p at each step, so it is necessary to assume that if A is an abelian variety over K and R is an integral domain in End K (A), then the parity of dim R⊗Qp S p (A/K) is independent of p. (For example, this would follow from the Shafarevich-Tate conjecture.) To avoid obscuring the main ideas of our arguments, we will include those proofs in a separate paper.
It would also be interesting to generalize our results regarding abelian characters χ to the appropriate class of nonabelian representations.
Notation. Fix once and for all an algebraic closureQ of Q. A number field will mean a finite extension of Q inQ. If K is a number field then
We will identify Ψ L/K with the G K -module of embeddings of L intoQ that are the identity on K, and if L/K is Galois we may identify Ψ L/K with Gal(L/K).
Variation of Selmer rank
Let K be a number field and p an odd rational prime. Let W be a finitedimensional F p -vector space with a continuous action of G K and with a perfect, skew-symmetric, G K -equivariant self-duality
where µ p is the G K -module of p-th roots of unity. 
for every prime v of K. If F and G are Selmer structures on W , we define Selmer structures F + G and F ∩ G by
We say that a Selmer structure
is its own orthogonal complement under the Tate pairing (1.1).
If F is a Selmer structure on W , we define the Selmer group
For the basic example of the Selmer groups we will be interested in, where W is the Galois module of p-torsion on an elliptic curve, see §2.
Proposition 1.3. Suppose that F , G are self-dual Selmer structures on W , and S is a finite set of primes of
and let C be the image of the localization map H 1 F +G (K, W ) → B. Since F and G are self-dual, Poitou-Tate global duality (see for example [MR1] Theorem 2.3.4) shows that the Tate pairings (1.1) induce a nondegenerate, symmetric self-pairing
and C is its own orthogonal complement under this pairing.
Since F and G are self-dual, C F and C G are each their own orthogonal complements under (1.2). In particular we have
The proof of (ii) uses an argument of Howard ([Hb] Lemma 1.5.7). We have
, let x S ∈ C ⊂ B be the localization of x, and let x F and x G denote the projections of x S to C F and C G , respectively.
Following Howard, we define a pairing
by [x, y] := x F , y G , where , is the pairing (1.2). Since the subspaces C, C F , and C G are all isotropic, for all x, y, ∈ H 1
so the pairing (1.3) is skew-symmetric.
We see easily that H 1
is in the kernel of the pairing [ , ] . Conversely, If x is in the kernel of this pairing, then for every
Since C is its own orthogonal complement we deduce that x F ∈ C, i.e., there is
Since p is odd, a well-known argument from linear algebra shows that the dimension of this F p -vector space must be even. This proves (ii). Theorem 1.4. Suppose that F and G are self-dual Selmer structures on W and suppose that the set S := {v :
Proof. We have (modulo 2)
the last two steps by Proposition 1.3(ii) and (i), respectively.
Example: elliptic curves
Let K be a number field. If A is an abelian variety defined over K, and α ∈ End K (A) is an isogeny, we have the usual Selmer group Sel
where X(A/K) is the Shafarevich-Tate group of A over K. If p is a prime we let Sel p ∞ (A/K) be the direct limit of the Selmer groups Sel p n (A/K), and then we have
2) Suppose now that E is an elliptic curve defined over K, and p is an odd rational prime.
Let W := E[p], the Galois module of p-torsion in E(Q). Then W is an F p -vector space with a continuous action of G K , and the Weil pairing induces a perfect
Thus we are in the setting of §1.
We define a Selmer structure
for every v. Tate's local duality [T1] shows that E is self-dual. With this definition the Selmer group
If C is an abelian group, we let C div denote its maximal divisible subgroup.
Proposition 2.1. The Selmer structure E on E[p] defined above is self-dual and
Tate's local duality [T1] shows that E is self-dual. Let
The Cassels pairing [Ca] shows that d is even. Further
by (2.2) with A = E. On the other hand, (2.1) shows that
This proves the proposition.
Aside on restriction of scalars
Suppose L/K is a finite extension of number fields and E is an abelian variety defined over K. Following Weil [W] , the restriction of scalars of E from L to K is a pair (Res
a homomorphism defined over L, with the property that for every scheme X over K, composition with η induces a bijection
The following additional properties are reasonably well-known, so we will only sketch their proofs. Recall that Ψ L/K is the G K -module of embeddings L ֒→Q that restrict to the identity on K, and let
, and we let η γ : Res L/K E → E be the image of η under this map.
Proposition 3.1.
and isomorphisms
(iv) If L/K is Galois then there is a natural inclusion
j : Z[Gal(L/K)] ֒→ End K (Res L K E).
Using this inclusion, the maps of (i) and (ii) are
Sketch of proof. Assertion (i) follows from (3.1) with X = Spec (F ) . and using (3.2) , shows the existence and uniqueness of N L/M satisfying (ii).
The first pair of isomorphisms in (iii) comes by applying (i) with F =Q, and the second pair follows by Shapiro's Lemma.
is compatible with (i). The injectivity of j follows (for example) from (iii).
Corollary 3.2. There are natural isomorphisms
Proof. The first isomorphism is Proposition 3.1(i) with F = K. The other two isomorphisms are the restrictions of the isomorphisms
, respectively. We use the analogues of (3.3) and (3.4) for the local extensions (L ⊗ K K v )/K v for every prime v of K to show that these restrictions have images Sel p ∞ (E/L) and X(E/L), respectively.
Restriction of scalars of elliptic curves
Let K be a number field, E an elliptic curve defined over K, and p an odd prime as in §2. Let L be a finite cyclic extension of K of degree p n with ≥ 1, and let
with the natural restriction map, and define the
Since L is fixed for this section and §5, we will suppress the subscript L and write simply A, I, J , and R.
Let T p (E) and T p (A) denote the p-adic Tate modules of E and A, respectively. The abelian variety A is defined over K and has the following properties.
Proposition 4.2. (i) The map j of Proposition 3.1(iv) induces an inclusion
with G K acting on T p (E) in the natural way and on I by multiplication.
The fact that j induces an injection R ֒→ End K (A) follows from Proposition 3.1(iv) and the definition of A.
Assertions (ii) and (iii) follow from Proposition 3.1(i) and (ii), and (iii), respectively.
We will identify R with its image j(R) ⊂ End K (A).
, and with this identification ϕ(G) = µ p n and ϕ(I) = (ζ p − 1)Z[µ p n ], where ζ p is a primitive p-th root of unity.
Proof. Fix a generator σ of G, so σ
via an isomorphism that sends σ to X, and this isomorphism
, and ϕ(σ) is a primitive p n -th root of unity. This proves (i), and (ii) follows since I is generated by σ
By Lemma 4.3, R has a unique prime p above p, p is generated by the image of σ − 1 where σ is any generator of G, and R/p ∼ = F p .
Proposition 4.4. The isomorphism of Proposition 3.1(i) induces a
where the second isomorphism depends on a choice of generator of I/pI.
Proof. By Lemma 4.3, I/pI is a one-dimensional F p -vector space (with trivial action of G K ). Using Proposition 4.2(iii) we have
Definition 4.5. Recall that in §2 we defined a self-dual Selmer structure E on E. We can use the identification of Proposition 4.4 to define another Selmer struc-
where the first map is the Kummer injection, and the second map is from Proposition 4.4. Both maps depend (only up to multiplication by a unit in F × p ) on choices, but the image of the composition is independent of these choices. With this definition the Selmer group
Proof. This is Proposition A.7 of Appendix A. (It does not follow immediately from Tate's local duality as in Proposition 2.1, because A has no polarization of degree prime to p, and hence no suitable Weil pairing.) Definition 4.7. For every prime v of K we define an invariant δ v ∈ Z/2Z by
We will see in Corollary 5.3 below that δ v is a purely local invariant, depending only on K v , E/K v , and L w , where w is a prime of L above v.
Corollary 4.8. Suppose that S is a set of primes of K containing all primes above p, all primes ramified in L/K, and all primes where E has bad reduction. Then
Proof. If v / ∈ S then both T p (E) and T p (A) are unramified at v, so (see for example [R] Lemma 1.3.8)
v is the maximal unramified extension of K v . Now the corollary follows directly from Propositions 2.1 and 4.6 and Theorem 1.4.
Computing the local invariants
Keep the notation of §4. Recall that L/K is cyclic of degree p n , and M is the extension of K in L with [L : M ] = p. In this section we compare the local Selmer conditions
) for primes v of K, in order to compute the invariants δ v of Definition 4.7.
Lemma 5.1. Suppose that c is an automorphism of K, and E is defined over the fixed field of c in K. Then for every prime v of K, we have
Proof. The automorphism c induces isomorphisms
(the latter after applying c to the definition of A to see that
induced by c identifies
and the lemma follows directly from the definition of δ v .
Proof. Fix a generator σ of G, and let π be the image of σ − 1 in R. Then π is a generator of p.
Note that G and
) is represented by the cocycle γ → y γ − y where y ∈ E(K v ) and py = x. Similarly, using the identifications above, if α ∈ A(K v ) then the image of α in H 1 (K v , E[p] ) is represented by the cocycle γ → β 1⊗γ − β where β ∈ A(K v ) and πβ = α.
where for the second equivalence we use that if γ ∈ G Kv and β 1⊗γ − β = y 1⊗γ − y, thenπβ 1⊗γ −πβ =π(y 1⊗γ − y) = 0, and if this holds for every γ then πβ
G , we have N L/M y = py = x and the Proposition follows.
The following corollary gives a purely local formula for δ v , depending only on E and the local extension L w /K v (where w is a prime of L above v).
Proof. By Proposition 5.2
, and δ v is the F p -dimension (modulo 2) of the left-hand side. Note that L ′ w is the completion of M at the prime below w, so we have
This proves the corollary.
Definition 5.4. Suppose K is a finite extension of Q p containing a field of definition of E. If κ is the residue field K and E/K has good ordinary reduction, we say (following [M] ) that the reduction is non-anomalous if E(κ)[p] = 0.
By local field we mean a finite extension of Q ℓ for some rational prime ℓ.
Lemma 5.5. If K is a local field with residue characteristic different from p, and
Proof. There is an isomorphism of topological groups
with a finite group C of order prime to p and a free Z ℓ module D of finite rank, where ℓ is the residue characteristic of v. The lemma follows easily.
Lemma 5.6. Suppose L/K is a cyclic extension of degree p of local fields and the abelian variety E is defined over K. Let ℓ denote the residue characteristic of K.
(ii) If L/K is ramified, ℓ = p, and E has good ordinary non-anomalous reduction, then
, and E has good reduction, then
Proof. The first assertion is Corollary 4.4 of [M] , and the second follows from Corollaries 4.30 and 4.37 of [M] .
Suppose now that ℓ = p, L/K is ramified, and E has good reduction. Let φ ∈ G L be a Frobenius automorphism. Then φ is also a Frobenius automorphism of G K , and the inertia subgroups I L ⊂ G L and
Now (iv) follows from Lemma 5.5.
Theorem 5.7. Suppose that v ∤ p and E has good reduction at v. Let w be a prime
so by Corollary 5.3 and Lemma 5.5 we have
Theorem 5.8. Suppose that v | p, E has good reduction at v, and either L/K is unramified at v, or E has ordinary non-anomalous reduction at v. Then δ v = 0.
Proof. This is immediate from Lemma 5.6(i) and (ii) and Corollary 5.3. It follows that Z p 2 ⊂ End(Ê). ThereforeÊ (K v ) is an Z p 2 -module, and since E has supersingular reduction, E (K v 
Decomposition of the restriction of scalars
Keep the notation of the preceding sections. In this section we will vary the cyclic extension L of K, so we will keep the subscript L in our notation.
Define the Pontrjagin dual Selmer vector spaces
and similarly for S p (E/F ) for every finite extension F of K.
Lemma 6.1. Let F be an abelian p-extension of K, G = Gal(F/K), and let Ξ denote the set of cyclic extensions of K contained in F .
(ii) There is a canonical isogeny
Then e L is fixed by GQ, so e L ∈ Z[G]. The |G| −1 e L are a collection of orthogonal idempotents in Q[G] that sum to 1, so we have
where the first map comes from the definition of A L and the second from the universal property (3.1). To prove (ii) we will show that
Using Proposition 3.1(iv) we can view e L ∈ End K (Res
, so we get a decomposition up to isogeny Res
This proves (ii).
By Corollary 3.2 we have (Res
. Thus taking K-points in (ii) (resp., applying S p ( · /K) to (ii)) gives the isomorphisms of (iii).
Dihedral extensions
Keep the notation of the previous sections. Corollary 4.8, together with the results of §5, allows us to compare dim Fp Sel p (E/K) and dim Fp Sel p (A L /K). Lemma 6.1 relates Sel p ∞ (E/F ) to the Selmer groups Sel
We still need to compare dim Fp Sel p (A L /K) with corank Zp Sel p ∞ (A L /K). For this we will need an additional hypothesis.
Suppose now that c is an automorphism of order 2 of K, let k ⊂ K be the fixed field of c, and suppose that E is defined over k. Fix a cyclic extension L/K of degree p n , and write A = A L , R = R L , etc. We assume further that L is Galois over k with dihedral Galois group, i.e., c acts as −1 on G := Gal(L/K).
Theorem 7.1 will be proved in Appendix A.
Remark 7.2. Theorem 7.1 is essential for our applications. Without it, the formula in Proposition 7.3 below would not hold, and our approach would fail. The proof of Theorem 7.1 depends heavily on the fact that L/k is a dihedral extension. Stein [S] has given examples with K = Q where L/Q is abelian, X(A/Q) is finite and
If A had a polarization of degree prime to p, then Tate's generalization of the Cassels pairing [T2] would show that dim
is even. However, Howe [He] showed that (under mild hypotheses) every polarization of A has degree divisible by p 2 .
The proof is identical to that of the formula for corank Rp Sel p ∞ (A/K) in Proposition 2.1, using Theorem 7.1 instead of the Cassels pairing and using Proposition 4.4 to identify A (K) 
Theorem 7.4. Suppose that S is a set of primes of K containing all primes above p, all primes ramified in L/K, and all primes where E has bad reduction. Then
Proof. This follows directly from Corollary 4.8 and Propositions 2.1 and 7.3.
Lemma 7.5. Suppose v is a prime of K and v
Proof. Let w be a prime of L above v, and u the prime of k below v. Since v = v c , the group Gal(L w /k u ) is dihedral. The inertia subgroup I ⊂ Gal(L w /k u ) is normal with cyclic quotient, and the only subgroups with this property are Gal(L w /k u ) and Gal(L w /K v ). This proves (i).
Suppose now that v is ramified in K/k, and let ℓ be the residue characteristic of K v . By (i), the inertia group I is a dihedral group of order 2[L w : K v ]. On the other hand, the Sylow ℓ-subgroup of I is normal with cyclic quotient (the tame inertia group). The maximal abelian quotient of I has order 2, so [L w : K v ] must be a power of ℓ, so ℓ = p. Lemma 7.6. If v is a prime of K where E has good reduction, v ∤ p, v = v c , and
Proof. Suppose v ∤ p, v = v c , and v ramifies in L/K. Fix a prime w of L above v, and let u be the prime of k below v. Let κ + and κ denote the residue fields of k u and K v , respectively. Note that K v /k u is quadratic since v = v c , and unramified by Lemma 7.5(ii). Let φ be the Frobenius generator of Gal (K ur 
be the inertia subgroup. Then I has order divisible by p, so standard result from algebraic number theory gives (since L w /K v is tamely ramified) a Gal(κ/κ + )-equivariant injective homomorphism I ֒→ κ × . Since c acts as −1 on I, it follows that φ acts as −1 on µ p ⊂ κ × .
Let α, β ∈F p × be the eigenvalues of φ acting on E[p]. The Weil pairing and the action of φ on µ p show that αβ = −1. If α = ±1, then 1 is not an eigenvalue of φ
The main theorem
Fix a quadratic extension K/k with nontrivial automorphism c, an elliptic curve E defined over k, and an odd rational prime p. Recall that if F is an extension of
Theorem 8.1. Suppose F is an abelian p-extension of K, dihedral over k (i.e., F is Galois over k and c acts by −1 on Gal(F/K)), such that F/K is unramified at all primes where E has bad reduction. Suppose further that for every prime v of K above p, at least one of the following four conditions holds: 
Proof. Suppose first that L is a cyclic extension of K in F . Let ∆ E be the discriminant of E, and D L/K the discriminant of L/K. By Theorem 7.4 we have
Lemma 5.1 shows that δ v = δ v c for every v. Thus the contribution from v that split in K/k is zero, so we need only sum over those v with v = v c . We By Lemma 6.1 there are canonical isomorphisms
is odd and therefore positive for every L ∈ Ξ. This proves (ii).
Special cases
Fix an elliptic curve E defined over Q, and let N E be the conductor of E. Fix a Galois extension K of Q such that Gal(K/Q) is dihedral of order 2m with m odd, m ≥ 1. Let M be the quadratic extension of Q in K, ∆ M the discriminant of M , and χ M the quadratic Dirichlet character attached to M . Let c be one of the elements of order 2 in Gal(K/Q), and let k be the fixed field of c.
, neither of the two onedimensional representations occurs. Since all other representations of Gal(K/Q) have even dimension, we have that
is even. 9.1. Good reduction at p. The following proposition follows from the "parity theorem" for the p-power Selmer group proved by Nekováȓ [N1] and Kim [K] . Proof. Let E ′ be the quadratic twist of E by χ M . and let w, w ′ be the signs in the functional equation of L(E/Q, s) and L(E ′ /Q, s), respectively. Since ∆ M and N E are relatively prime, a well-known formula shows that ww
Using Lemma 9.1 we have
By a theorem of Nekováȓ [N1] (if E has ordinary reduction at p) or Kim [K] (if E has supersingular reduction at p), we have that corank Zp Sel p ∞ (E/Q) is even if and only if w = 1, and similarly for E ′ and w ′ . Thus corank Zp Sel p ∞ (E/K) is odd if and only if w = −w ′ , and the proposition follows.
For every prime p, let K − c,p be the maximal abelian p-extension of K that is Galois and dihedral over k, and unramified (over K) at all primes dividing N E . Theorem 9.3. Suppose that p > 3 is a prime, that p, ∆ M , and N E are pairwise relatively prime, and that either
,
Proof. If χ M (p) = 1 then v = v c , and the theorem follows from Theorem 8.1 (using hypothesis (a)) and Proposition 9.2.
Suppose now that χ(p) = −1, so v = v c , and
. By Lemma 7.5(i), the residue field of K v is F p 2 , so E has either ordinary non-anomalous or supersingular reduction over K v , and the theorem follows from Theorem 8.1 (using hypothesis (c) or (d)) and Proposition 9.2.
If m = 1, so K = M , and if M is imaginary, then K − c,p contains the anticyclotomic Z p -extension of K, and thanks to [Co, V] we know that the bulk of the contribution to the Selmer groups in Theorem 9.3 comes from Heegner points.
If m = 1 and M is real, then there is no
is still an infinite extension of K, and (for example) every finite abelian p-group occurs as a quotient of Gal(
is infinite but contains no Z p -extension of K. Except for Heegner points in the case where n = 1 and M is imaginary, it is not known where the Selmer classes in Theorem 9.3 come from.
9.2. Split multiplicative reduction at p. Keep K/Q as above, but suppose now that p is an odd prime and E has split multiplicative reduction at p. If F/K is ramified above p then Theorem 8.1 does not apply. We now study this case more carefully.
n , let w be a prime of L above v, and let L ′ ⊂ L be the extension of K of degree p n−1 . By Corollary 5.3, the lemma will follow if we show that [E (K v 
Since E has split multiplicative reduction, there is a nonzero q ∈ pZ p such that
By local class field theory we therefore have inclusions of norm groups
(9.1)
onto a cyclic group of order p n , we conclude that the index (9.1) is p, as desired.
Theorem 9.5. Suppose that p is an odd prime where E has split multiplicative reduction, and F is a finite abelian p-extension of K that is dihedral over k and unramified at primes dividing N E /p. Suppose further that every prime of K above p is either unramified or totally ramified in F/K. Let d be the number of primes above p that are ramified in
Proof. The proof is identical to that of Theorem 8.1, except that we use Lemma 9.4 to compute the Corollary 9.6. Suppose that p is an odd prime where E has split multiplicative reduction, and F is a finite abelian p-extension of K that is dihedral over k and unramified at primes dividing N E /p. Suppose further that p is inert in M/K and all primes of K above p are totally ramified in
Proof. Apply Theorem 9.5 and note that the number of primes of K above p divides [K : M ] , which we have assumed is odd.
Remark 9.7. In the case where K = M is imaginary quadratic and F is a subfield of the anticyclotomic Z p -extension, Bertolini and Darmon [BD] give a construction of Heegner-type points that account for most of the Selmer classes in Corollary 9.6. Appendix A. Skew-Hermitian pairings Let p be an odd prime, and let L/K be a cyclic extension of number fields of degree p
Let ι be the involution of R induced by γ → γ −1 for γ ∈ G. If W is an Rmodule, we let W ι be the R-module whose underlying abelian group is W , but with R-action twisted by the involution ι.
Definition A.1. Suppose W is an R-module, B is an abelian group, and
is a bilinear pairing. We say that , is ι-adjoint if rx, y = x, r ι y for every r ∈ R, x, y ∈ W . If B = B 0 ⊗ R for some abelian group B 0 , then we will write ι for the involution 1 ⊗ ι of B and we say that , is R-semilinear if for every r ∈ R, x, y ∈ W , rx, y = r x, y = x, r ι y , and , is skew-Hermitian if it is R-semilinear and for every r ∈ R, x, y ∈ W ,
We say , is nondegenerate (resp., perfect) if the induced map W → Hom Z (W, B) (or Hom R (W ι , B), depending on the context) is injective (resp., an isomorphism). 
This pairing is ι-adjoint, perfect, and (since
Proof. We will construct an inverse to the map in the statement of the Lemma. Suppose f ∈ Hom Zp (W, B) . Fix a Z p -basis {ν 1 , . . . , ν b } of R p , and let {ν * 1 , . . . , ν * b } be the dual basis with respect to t R/Z , i.e.,
Then for every j and x,
Since the ν j are a basis of R p , we conclude that
Thus if s ∈ R p then for every r
(1 ⊗ τ )(rf (sx)) = f (rsx) = (1 ⊗ τ )(rsf (x)).
Since t R/Z is perfect and R p is free over Z p , it follows thatf (sx) = sf (x), sô f ∈ Hom Rp (W, B ⊗ R).
By (A.1) with r = 1, (1⊗τ )•f = f , so Hom Rp (W, B ⊗R)
is surjective. The injectivity follows from the fact that t R/Z is perfect and R p is free over Z p . The G K -equivariance is clear. If , R maps to , Z under this bijection, then , Z is perfect (resp., G K -equivariant, resp., skew-symmetric) if and only if , R is perfect (resp., G Kequivariant, resp., skew-Hermitian) .
Proof. By Lemma A.3, composition with 1 ⊗ τ induces a G K -isomorphism
The left-hand side is the set of R-semilinear pairings W × W → B ⊗ R, and the right-hand side is the set of ι-adjoint pairings W × W → B.
Since composition with 1 ⊗ τ identifies the isomorphisms in (A.2), we see that , R is perfect if and only if , Z is perfect.
Since t R/Z is skew-symmetric, for every r we have 
, and using this identification we define
where e is the Weil pairing on E. In other words, if x, y ∈ T p (E) and α, β ∈ I, we set x ⊗ α, y ⊗ β R := e(x, y) ⊗ (π
Lemma A.6. The pairing , R of Definition A.5 is perfect, G K -equivariant, and skew-Hermitian.
Proof. The Weil pairing is perfect, G K -equivariant, and skew-symmetric. The pairing f is perfect and (since and π c = −π) Hermitian. To see that f is G Kequivariant, suppose α, β ∈ I, g ∈ G K , and let γ be the restriction of γ to G. Then ϕ(γ) ∈ µ p n by Lemma 4.3, so
. The desired properties of e ⊗ f all follow.
The following is Proposition 4.6.
Proof. Using Proposition A.4, we let
be the pairing corresponding under Proposition A.4 to the pairing , R of Definition A.5. It follows from Proposition A.4 that , Z is perfect, skew-symmetric, G K -equivariant, and ι-adjoint. By a generalization of Tate duality due to Bloch and Kato (see Proposition 3.8 and Example 3.11 of [BK] ), for every prime v of K, the pairing , Z induces a perfect, ι-adjoint cup-product pairing
and under this pairing the image of A(
The pairing λ induces a pairing
We have isomorphisms (the second one uses the chosen generator π of p)
Along with the identification [R] ) show that the image of
and the inverse image of
are equal and are orthogonal complements under λ p . By definition the image of
, so this proves that A is self-dual. It remains to prove Theorem 7.1, and for that we need to be in the dihedral setting of §7. We assume now that K has an automorphism c of order 2, that E is defined over the fixed field k of K, that L is Galois over k, and that c acts as −1
We begin by fixing a model of A defined over k. 
of Proposition 3.1(ii). Then A c is defined over k, and it follows from Theorem 1.3.1 of [W] (which can be deduced without difficulty from the universal property (3.1)) that A c is isomorphic over K to A. From now on we will identify A with A c , so that we can view A as defined over k.
Let I c be the kernel of the restriction map
Then I c is a G k -module, and the restriction map I → I c is a G K -isomorphism. We use this identification to give I a G k -module structure (that depends on the choice of c).
We extend the (trivial) G K -action on R to a G k -action by letting c act as ι.
Proof. This follows from directly from Proposition 3.1(iii), exactly as in Proposition 4.2(iii). 
Proof. We will prove this by induction on dim Fp W [p] .
Let j be minimal such that p j W = 0; we may assume that j ≥ 1. We can decompose W = W + ⊕ W − under the action of c, and (even though the action of c and the action of R need not commute) we can choose x either in W + or W − such that π j−1 x = 0. Let ǫ = ±1 be such that x c = ǫx, and then Theorem A.11 (Flach [F] ). Suppose that
is a perfect, G k -equivariant, skew-Hermitian pairing. Then there is a perfect, Gal(K/k)-equivariant, skew-Hermitian pairing,
Proof. This is essentially Theorems 1 and 2 of [F] . We sketch here the minor modifications to the arguments of [F] needed to prove Theorem A.11. Given a G K -equivariant pairing T p (A) × T p (A) → Z p (1), Flach constructs a pairing X /div × X /div → Q p /Z p . The definition ( [F] p. 116) is given explicitly in terms of cocycles. Since G K acts trivially on R, we have canonical isomorphisms
for every i, and similarly with K replaced by any of its completions K v and/or with Z p (1) replaced by Q p /Z p (1). The isomorphisms (A.6) come from analogous isomorphisms on modules of cocycles. Using this, starting with our pairing { , } R and following Flach's construction verbatim produces a pairing
We need to show that [ , ] R is perfect, Gal(K/k)-equivariant, and skew-Hermitian. The fact that [ , ] R is Gal(K/k)-equivariant follows directly from the definition, as each step is canonical and Galois-equivariant.
Similarly, following the definition in [F] and using that { , } R is skew-Hermitian, one sees directly that [rx, y] R = r[x, y] R = [x, r ι y] R for every r ∈ R, x, y ∈ X /div . The fact that [y, x] R = −[x, y] ι R is proved exactly as Theorem 2 of [F] , which proves the skew-symmetry of the pairing in Flach's setting.
It remains only to show that [ , ] R is perfect, or equivalently (since X /div is finite) [ , ] R is nondegenerate. Let { , } Z : T p (A) × T p (A) → Z p (1) (resp., [ , ] Z : X /div × X /div → Q p /Z p ) be the pairing corresponding to { , } R (resp., Proof of Theorem 7.1. We apply Theorem A.11, using the pairing , R of Definition A.5 (along with Lemma A.6) to produce a perfect, Gal(K/k)-equivariant, skew-symmetric pairing [ , ] R : X /div × X /div → D p . By Proposition A.10 we conclude that dim Fp (X(A/K)/X(A/K) div ) [p] is even. This is Theorem 7.1. Remark A.12. It is tempting to try to simplify the arguments of this appendix by using the pairing of Definition A.5 along with the construction at the end of the proof of Theorem A.11, to try to produce a perfect, skew-symmetric, G Kequivariant pairing T p (A) × T p (A) → Z p (1). If so, Theorems 1 and 2 of [F] would give us directly a skew-symmetric perfect pairing on X /div . Unfortunately, because π c = −π and the different of Frac(R p )/Q p is an odd power of p, one can produce in this way a perfect symmetric pairing, but not a skew-symmetric one.
